Cross Entropy and KL Divergence

How cross entropy measures the cost of encoding one distribution with another’s codebook, and how KL
divergence isolates the extra cost from a model’s inaccuracy.
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Motivation

So far we've discussed information, entropy, conditional entropy, and mutual information. So what is cross
entropy, and why should we care? To answer that, let’s look at information theory.

Let’s say we have a sequence we want to encode. We'd like to give the most frequent term the shortest
encoded codeword to make it more efficient. Let’s say we use P our distribution to assign a frequency to
each term. In other words, we look at natural English language and assign a probability to each term:

Term English Frequency (P) Codeword
A 1/2 0

B 1/4 10

C 1/4 1

Since A was the most frequently occurring term, we give it the shortest code.

However, let's say were trying to encode a medical document now, where the frequencies differ. Let’s say
the medical frequencies are given by ). Medical language is often obscure and uses terms that are less
common in natural language English, so our initial encoding will be more expensive. Consider this small

example:
Term English Frequency (P) Codeword Medical Frequency (Q)
A 1/2 0 1/4
B 1/4 10 1/2

C 1/4 1 1/4
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Now, B is our most common term in the medical document, so the cost of encoding this is higher.
More specifically, the cost under P can be obtained as follows: 1/2(1) + 1/4(2) + 1/4(2) = 1.5 bits per term

and the cost of encoding @ with an encoder designed for P is as follows: 1/4(1) +1/2(2) + 1/4(2) = 1.75
bits per term

Now if we look at what we did carefully, in the second example (cost of encoding for Q), we're really
computing the following term >, Q(¢)len(encode(t))

The len(encode(t)) can be obtained from —log, P(t). Note this is only true for our example, but the negative
logs give us the ideal length. The proof of this being ideal length is not in the scope of this blogpost.

Putting this together, we have, — >, Q(t)log, P(¢)

This looks extremely similar to the entropy terms we've been dealing with up until now! However, unlike
the previous entropies we've discussed, this operates on two distributions. We call this the cross entropy:

H(Q,P)=—>_ Q(t)log,P(t)

This can be thought of as the average cost of using a codebook designed for one distribution to encode
data following another distribution.

(O Remarks

1. Previously, we looked at a term H(X,Y). It is unfortunate that it uses the same notation as cross entropy.
Cross entropy works on two distributions, whereas X, Y are two random variables operating on the same
(joint) distribution.

2. In general H(P,Q) # H(Q, P)

Connection to ML

Naive Cross Entropy

In the earlier post, we calculated the entropy of a Wikipedia article. There, we took a naive approach and
used word frequencies to build a probability distribution.

Let’s call that Q(¢). Now, can we train a model to learn a codebook that makes our data cheaper to encode?
Let’s call this Py(t) which is the model’s predicted distribution. Note that here 6 refers to the model
parameters.



Over time, we want to minimize the average cost of encoding our data. Therefore, we can use cross
entropy (recall how, in the earlier section, we treated entropy as the cost of using an encoding scheme
under a different distribution) as our loss function. So our loss function here becomes:

H(Q, Py) = ZQ (t)log, Py(t)

Training now aims to assign probabilities, such that our average encoding cost is minimized. However,
there is a flaw in the reasoning here. This assumes every occurrence of a word receives the same
probability, regardless of the preceding words. Since our naive variant only ever cared about the raw
frequencies, shuffling all the words would leave the loss function completely unchanged, and you could
imagine how problematic this would be for training a model on natural language. To address this, we take a
look at conditional cross entropy.

Conditional Cross Entropy

Really, what we want is the conditional cross entropy. We want to find the best possible encoding of the
current term in the context of everything we've seen before. To motivate this with a small example, let’s

say previously the model assigned tea a fixed probability Py(tea). However, if our context is say “I'd like a
cup of”, then “tea” should be assigned a higher probability and with respect to this context, I should have a
shorter encoding.

Putting this more generally, the ideal cost of an observed next word y given some context « then becomes
—logy Py(y|x), so following the same idea, averaging over the true data distribution, we now have this

formula for cross entropy on a fixed context z

H,(Q,Py) = ZQ y|z)logy Py(ylz)

Now, if we drop the fixed context, and average over all contexts, we get

H(Q,Py) = ZQ )Y Qylz)log, Py(y|z)

Notice that we can rewrite:

Qylr) = Q(x,v)/Q(x)
Q(z,y) = Qylz)Q(x)

Putting this back into our equation we get:

H(Q,Py) = ZQ z,y)logy Py(y|z)



This is the conditional cross entropy loss. The two distributions still retain their original roles, the only
difference is now they’re conditioned on the context.

Relation to KL Divergence

Now, the natural next question is how much of this cost is from the uncertainty in the data, and how much
of it is from using the model probabilities.

Let’s pin a context = again, we know the cost we get from using the model is

—Y_ Q(ylz)logs Po(y|z)

Instead, if we had used the true next word distribution, the ideal cost would simply be the entropy:

— > Q(yl=)log,Q(ylz)

Now, to see how much extra cost we get from using the model probabilities, we simply take the difference
between the two:

:—ZQ(y| )ogy Py(y|x) — ( ZQ ylz)log,Q(y|z ))

Y

= 3" Qylz)log, 2UD)

Py(ylz)

This is the KL divergence for a fixed context between the two distributions.

Now, if we average this extra cost over all the contexts, we get:

—ZQ )Dri(Q(|) [ Po(-|2))

Qy|z)
= zz: Q(z) Zy: Q(ylz)log, W

_ - Mo, 2WT)
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= Z Q(z,y)[log,Q(y|r) — log,Py(y|x)]

= ZQ z,y)log,Q(y|z) — ZQ 2, y)log, Py(y|z)

z,y

The first term here is the negative of the conditional entropy. The second term here is the cross entropy
between the two distributions.



To put it in words, we showed that:
average KL Divergence = negative conditional entropy + cross entropy loss
Changing the order, we get:
cross entropy loss = conditional entropy + KL Divergence

Note, this is now averaged across all contexts. To recap, we started off by fixing the context, then showing
how KL divergence is interpreted as extra cost. Then we took the average of the KL divergence and
rearranged it to get the average cross entropy loss and conditional entropy.

The interpretation for this is that the model cannot have a loss lower than the conditional entropy,

because the KL Divergence is non-negative. See the proof for non-negativity of KL divergence in the
appendix.

Seeing the Floor
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Probabilities averaged over contexts Cross entropy over sampled contexts = its two parts
[ true Qly) 44 -
0.20 - B model, context average s a0
- 3.141 avg. Dy
4.0 - 9. D
0.15 - g 3.0 - 0.002
J? £ 38- .
3 o 25 -
o W
o -
‘5 0.10 - v 36
. £ HIQ)

34- 15+ 3.139

0.05 - 32- 104

al .

oo - SERULECIEIIE = R ‘ | .
o i

T | |
2 3 4 5 6 7 8 9 10 11 0 10 100 600
symbol training step (nonlinear spacing)

Loss averages per-context cross entropies; it is not the cross entropy of the averaged bars

Training Details

These details are not needed for the conceptual ideas in the post, but if you're curious, here is how the
model in the video was trained.

Data

e We create 200,000 independent draws over 12 symbols. Each symbol is assigned a probability using a
discretized normal distribution centered at 5.5.

e Symbols 5 and 6 are the most common, while O and 11 are rarer.

e There is no sequential pattern in the data: every draw is independent. Because of this independence,
conditional entropy equals ordinary entropy: H(Y | X) = H(Y).



e We use a sliding window to create training samples. The first four symbols form the input context, and
the fifth is the target:

Window Input context Target

S0,81,52, 83,54 S0,51, 52,53 S4

Each batch contains 512 examples.

Model Details

e One-block, decoder-only transformer with approximately 9,500 trainable parameters and two
attention heads.

e Trained for 600 batches (600 parameter updates).

e Context length of four symbols.

Appendix

Proof of non-negativity of KL Divergence

See this short proof on the non-negativity of KL Divergence.


https://statproofbook.github.io/P/kl-nonneg.html

